October Math Gems

PROBLEM OF THE WEEK 13

§1 Problems

Problem 1.1. If the line kx 4+ 4y = 6 passes through the point of intersection of the two
lines 2x + 3y =4 and 3z +4y =5

Solution. Solving the equations 2z 4+ 3y = 4 and 3z + 4y = 5 we get that z = —1;y = 2
which means that the point of intersection is (-1,2). By using this point in kx 4+ 4y = 6
we get that k =2 O

Problem 1.2. If p; and ps are length of the perpendicular from the origin on the two lines
given by rsec A+ ycsc A =m and zcos A + ysin A = mcos 24 then 4(p1)? + (p2)? = ...
with respect to m

Solution. xsec A+ ycsc A =m;==>zsin A+ ycos A =msin Acos A = 5 sin24

. _ . _ 5 _ |—msin 24| _m
z(2sinA) + y(2cos A) —msin2A=0.". p; = oA oAl |2 sin 24|

2p1 = |2 sin24[;4(p1)? = m2sin® A

Similarly, (p2)? = m? cos?2A. Then 4(p1)? + (p2)? = m O

Problem 1.3. If (4-,5) is one vertex and 7z —y + 8 = 0 is one diagonal of a square, then
the equation of the other diagonal is....

Solution. Given that 7x —y + 8 =0 (1) is one diagonal of a square

WE know that square’s diagonals are perpendicular

Line perpendicular to (1) is given by x + 7y = ¢

The given point doesn’t satisfy (1), so it must be the vertex of the other diagonal

c = 31. Then the other diagonal’s equation x + 7y = 31 O

Problem 1.4. A triangle has vertices A(0,b); B(0,0); C(a,0). If its median AD and BE
are mutually perpendicular then a = .... with respect to b

Solution. D is the mid point of BC' = (§,0), E = (g, g)

AD slope * BE slope = -1

b
B b_o 2 2
9_% * i = —1==> —b2 =% a=+4or —by2 O
2 2

Problem 1.5. Points (3,3),(h,0),(0,k) are collinear and § + % = 1. Then what is the
value of a, b
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1 4 1
Solution. The points are collinear |2 6 3| =0
2 10 3

3(0 — k) — 3(h — 0) + 1(hk — 0) = 0

3j+3k=hk==>1+;=3Thena=b=1 O

—1
Problem 1.6. Let p(z) be a cubic polynomial with zeros «, 3,7. If % = 100

/1 1 1
find B T8 T
Solution. Let p(x) = ax® +bx? +cx +d
1 —1\ _ op(1 _
p(5) +p(5) = 2b(3 + 2d and p(0) =d

N =

b
==> QZIQd = 100 which means % =196

atBt+y=Lafy=2

a

1 1 1 _ +8+y _ _
Hence, \/@+5—7+7—a—\/aa—m7_\/196_14 0

Problem 1.7. Find the value of @ and b so that 2* + 23 4 822 + ax + b is divisible by
2+ 1

Solution. First, we will divide 2% + 2% + 822 4+ azx + b by 22 + 1. We will get a remainder
of (a — 1)x + (b — 7) which must equal 0
(a—1)=0o0r (b—7)=0Hence,a=1,b=7 O

Problem 1.8. Consider the equation x3—(1+-cos §+sin 6)x?+(cos @ sin 0-+cos 6+sin )z —
sin # cos gg = 0 The roots of equation are x1, x2, 3 Find the value of (x1)? + (22)? + (23)?

Solution. (x1)% + (22)% + (23)? = (21)? + (22)? + (23)% + 2(z122 + 2273 + T173)
r1 + 29+ 23 =14+ cosf +sind

(129 + wox3 + x123) = cosfsinf + cos + sin O

(14 cos @ +sin0)? = (x1)? + (x2)? + (23)% + 2(cos Osin O + cos O + sin )

(21)% + (22)% + (23)? = 1+ cos? 0 + sin? 0 = 2 O
Problem 1.9. The inverse function of the function f(z) = 2212:2 =

Solution. y = zz;g:z = 23274__%

y(e?® +1) = (e** - 1)

y+1=e?*(1—y) Then e** = %

Taking In for both sides 2x = ln(%f—z)

f71 = (i) =

Problem 1.10. Let f(z) = Z;Cig then fof(x) =z Find d
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. . b
Solution. Given that f(x) = %

F(f(2)) = ataztbibertd)

— clax+b)+d(cz+d) =7

(a? +be)x + (ab + bd) = (ac + cd)z® + (be + d?)x
matching the coefficients of z, we get a® + bc = be + d? then d = +or — a
matching the coefficients of 22, we get ac 4+ c¢d = 0 then d = —a

matching the coefficients of constant, we get ab + bd = 0 then d = —a U

Problem 1.11. Let f(z) = ;%5 for x not equal -1. Then what is the value of a if

[(f(@) ==
. a(xaz ) a‘x
Solution. f(f(x)) = I‘fl—il = ax+2x+1
a’z
ax+z+1 =z

a?=ar+z+1
a?—ar—(x+1)=0
a>—ar—a+a—(r+1)=0
ala—(x+1)+(a—(z+1))=0
(a+1)(a—(r+1)) Then a = —1 O

Problem 1.12. The function f is one-to-one and the sum of all the intercepts of the
graph is 5. The sum of all intercepts of the graph y = f~1(x) is

Solution. Since the function is one-to-one there exist only one x-intercept and only one
y-intercept. We know that x-intercept of f(z) = y-intercept of f~1(x) and visa verse.
Hence, the answer is 5 O

&,’

Problem 1.13.

(2 )) = 2 — 2 with remainder 4 — 2z Find g(z) if f(x) = 23 — 322 + 2 +2

/\

Solution. f(z)=g(z)*(x —2)+4—2x

3 0 2
g(x) _z 3;_—20—x+2
using long or synthetic division g(z) = 2% — 2z + 1 O

Problem 1.14. The expansion ——— ((H2etly2 (1_V§x_1)2) is a polynomial of

VAaz+1 2
degree =
SOlUtion- \/4i+1 ((1+ §I+1) (1_ — ) ) 22\/4 +1((1 + \V4 4x + ) ( -V 4x + 1)2)
4/4x+1
Wi -

Problem 1.15. b,a are zeros of h(x) = 322 — 6x + 12 find the value of a1 + b1

Solution. h(x) =32% —6x+ 12, a+b=2,ab =4
1,1 _ath 2 _1 0
a b ab T 47 2
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Problem 1.16. If a, 3,v are zeros of polynomial 22 — z — 1, then the value of 1+0‘ +

1+B + 1+’Y

Solution. comparing the equation with az® +bax? +cx+d,a=1,b=0,c=—1,d = —1,
atfty=L=0af+by+ra=¢=-lapy=g=1

(1+a)(1=8) A=) +(1+8)(1-a)A-—+(A+7)(1-B) (1) _ 3+3afy—(a+B+7)—(af+By+ya)
(1-a)(1-8)(1—) 1—(a+B+7)+(aB+By+ya) +apy

- 3+?+1 =7 O

Problem 1.17. suppose f(z) = axz +b and g(z) = bz + a where a, b are positive integers.
If f(g(50)) — g(f(50)) = 28 then the product of ab cam have the value of

Solution. f(g(z)) = abx + a® + b,g(f(z)) = abx +b*> + b

flg(z))—g(f(x)) = (a—b)(a+b—1) =4xTifa—b=4,a+b =8 then,a = 6,b = 2,ab = 12
if f(g(z))—g(f(z))=(a—b)(a+b—1)=1x%28 thena—b=1,a+b=28,a=15b=
14, ab = 210 O

Problem 1.18. If f(z) = pz + q and f(f(f(z))) = 8z + 21 where p, g are real number,
then p+q =

Solution. f(f(f(z))) =p>+q(p(p +1) +1)+ g = 8z + 21 by comparing the co-offients,
p*=8,p=2
q(2(3) +1)=21,q=3,p+q=5 O

Problem 1.19. The sum of n terms of two arithmetic series are in the ratio of 2n + 3 :
6n + 5 then the ratio for their 13"termsis

Solution. Let a1, as be the first terms and dy, do be the common difference at the given
A.Ps, n termS,, = 5(2a1 + (n — 1)dy)

Sn =5 (2a2 + (n — 1)dy)

Sn _ 2n43 _ 2a1+(n—1)d;

Sn ~ 6n+b5 2a2+(n71)d2
; th s a1+12d; _ 2a1+(25—1)d1 _ 2x2543 53
the ratio between 13" term isg=571 = st (D — 6:0545 — 165 O

Problem 1.20. The p'" term of an arithmetic progression is ¢ and the ¢** term is p the
the 10" term= (with respect to p, q)

Solution. Let a be the first term and d be the common difference, ¢, = ¢,a+ (p — 1)d =
¢,tq = p(i),a + (¢ — 1)d = p(ii) subtracting (ii)-(i), we get that d = —1, substituting
d=—11n (i), we get that a=p+q—1

for the 10" term, t,0 =a +9d =p+ ¢ — 10 O
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